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Bankruptcy model:

The origins of the bankruptcy model 
are many but include both recent 
and ancient ancestors:

a. A parent has willed various 
amounts in his/her estate but the 
size of the estate E is not large 
enough to cover all the amounts!



b. A company has gone bankrupt 
but there are not enough remaining 
assets to pay all of the 
persons/companies owed money.

c. Water sharing arrangements 
among countries (or states) can't be 
met because there is not enough 
river water.



Important recent contributors to 
this work:

a. Barry O'Neill

b. Michael Maschler

c. Robert Aumann (won Nobel prize)

d. William Thomson



Abstract version:

We have claimants (players) 1, 2,...,k 
whose claims c1,...,ck sum to more 
than a positive amount E. How much 
should be given to each claimant?

I usually label the players (letter 
names) so that  claims are 
decreasing in size, but not everyone 
does this.



Comment: Some claimants may be 
"richer" than others and if they get a 
small part of their claims they will not be 
"hurt" badly. Some claimants may go 
"bankrupt" themselves if they don't get 
back what they are owed, even if this 
amount is small!

This model ONLY looks at the size 
of the claims and not the 
"affluence" of the claimants.



The estate E is usually money but it could be:

a. water (from a river; reservoir)

b. an amount of a limited medical 
supply (not enough medicine for all 
those who might benefit from it)

c. time (access to a time share)



d. raising taxes from different 
income classes (many poor; few rich)

The idea here is how to distribute 
the burden of running a government 
over the different income classes in 
the society.



So a typical example of such a 
bankruptcy problem would like like:

 A         B                             E = 120
60       90

 A         B         C                  E = 150
60       90      120

 A         B         C       D         E = 180
60       90      120   120



How might one distribute 
the estate E to the 
claimants in each of these 
cases?



Note: Collectively the players get 
back all of the estate E and we can 
find the "loss" they collectively incur 
by subtracting the estate E from the 
total amount claimed.

Example: A owed 50, B owed 150

E = 120; so the loss incurred is 80.
(Loss equals (50 + 150) - 120 = 80)



What fairness ideas what fairness 
ideas should one use?

 A           B                             E = 70
30       120

There are surprisingly many 
appealing ways to decide how to 
settle the claims!



Common approaches:

1. Entity equity 

Treat all claimants alike no matter 
what the size of their claims.

(Example of entity equity: US Senate 
- each state gets two seat regardless 
of its population.)



What happens when you use entity 
equity in this example?

 A           B                             E = 70
30       120

Answer: Give each player 35.



Many feel it is not "fair" to give a 
claimant more than they asked for!

How to modify entity equity to 
accommodate not giving a claimant 
more than he/she asked for goes 
back to Maimonides (1138-1204) - 
born in Cordoba, Spain; later 
personal physician to Sultan Saladin.



2. (Maimonides gain) Equalize as 
much as possible the amount given 
to each claimant but never give a 
claimant more than he/she asked 
for!

This is what is known as a 
constrained optimization problem. 
Can be solved using mathematical 
programming tools.



One way to think of solving this 
kind of problem for two or more 
claimants is to think of the claims as 
bins and use a pitcher of fluid with 
the amount of fluid equal to the size 
of the estate to fill the bins. One 
can't pour more fluid into a bin than 
its capacity (the bin would overflow)! 
When the pitcher runs out of fluid 
one is done.



Bins to help solve a claims problem 
with claims of 30 and 120, E = 70.
(diagrams not to scale):

30

120



This diagram illustrated how one tries to equalize 
payments until some claimant(s) gets all of its (their) 

claim(s) before the estate runs out:



A = 30 B = 120            E=70

   
                     30     40
(final amounts to claimants at the 
bottom)



3. Equalize losses between the 
claimants if this means having some 
claimant subsidize the settlement. 

A = 30  B = 120      E = 70

a to A; b to B. a + b = 70 (whole 
estate distributed); 30-a=120-b
Solve: a + b =70 -a + b = 90 Solution:
b= 80 a = -10 (??).  A's loss is 40 B's 
loss is 40!! A = -10; B = 40



In the approach above equalizing 
loss to claimants allows one to have 
a context to teach how to solve 
systems of linear equations in K-16 
mathematics classes. 



Another approach: 

Since the total loss is 80, so each 
player should lose 40. We must 
arrange for the gain to be so that 
each player's loss is 40. Since

A = 30  B = 120      E = 70

give A = -10 (loss 40) and B = 80 
(loss 40). Note: -10 + 80 = 70.



Does not seem fair to many people, 
because A must subsidize the 
settlement, and might not have the 
money to do this; but even if A does 
it seems not quite right.



4. Maimonides loss

Equalize losses as much as possible 
without forcing any claimant to 
subsidize the settlement.

Can use the bin diagrams but pay 
down from the larger claims to try 
to equalize losses.



30

120

Initially, A's loss is 30; B's loss is 120.  Start paying 
down B's loss to equal A's - All 70 goes to B. At this 
stage B's lose is 50, and A's 30. Without subsidizing 

this is best possible!  A gets 0; B gets 70!



5. Proportionality (gain)

Give each claimant the portion of E 
that arises from its percentage of 
the total claims.

A = 30  B = 120      E = 70

Total claims: 150; A's share = 
(30/150)(70) = 14; B's share = 
(120/150)(70)=56



6. Proportionality of loss:

Total loss is 80. A's share is 1/5 and 
B's share is 4/5. Hence, A's loss 
should be 16; B's loss should be 64. 
Thus, A gets 14 and B gets 56.

Same as proportional solution and 
always is!  This is a general theorem.



7. Concede and divide (sometimes 
called the contested garment rule 
and sometimes the Talmudic 
Method).

Not easy to "invent" but seems very 
appealing. Only applies to case of 2 
claimants.



A = 30  B = 120      E = 70

B says to the judge: A is asking for 
only 30 so of the 70, 40 must be 
mine!  B's uncontested claim against 
A is 40. A has no such claim against 
B. Give each player their 
uncontested claim and split the 
remainder equally:

A gets 0 +15 = 15; B gets 40 + 15=55



Example 2:

 A           B                             E = 90
40          80

B says to the person distributing the  
estate: A is asking for 40 of 90, so 
50 of the money must be mine! This 
is B's contested claim against A. 



In this example A has an 
uncontested claim of 10 against B. 

It could happen only one player or 
neither has uncontested claim.

Method: Give each player their 
uncontested claim and split the 
remainder left in the estate equally!



 A           B                             E = 90
40         80

So B gets 50 + 15  = 65

and A gets 10 + 15 = 25

30 units are split equally.

Final: A gets 25 and B gets 65.



Comment: It is not totally obvious 
that the sum of the uncontested 
claims must be less than the estate 
but one can prove this.



8. Fixed percent on the dollar, this 
percentage chosen to use up the 
estate. (Gives same answer as 
proportionality.)

For our example: 

30x + 120x = 70; x = 70/150, so give 
A=30 and B=60.

This gives A=14; B = 56. (Same as 
proportional solution.)



9. Shapley value

Reading from left to right give 
claimants in a permutation of the 
claimants amounts till the Estate 
runs out. Average over all the 
permutations. (Similar idea to 
Shapley/Shubik power index.)



A           B                             E = 70
30       120

Permutations: AB; BA

AB - A gets 30 and B gets 40
BA -  B gets 70 and A gets 0

So A gets (30 + 0)/2 = 15
B gets (40 + 70)/2 = 55  (Total: 70)



A         B         C                  E = 150
60       90      120

Permutations: ABC, ACB, BAC, BCA, CAB, CBA

ABC   A gets 60, B gets 90, C gets 0
ACB   A gets 60, C gets 90, B gets 0
BAC   B gets 90, A gets 60, C gets 0
BCA   B gets 90, C gets 60, A gets 0
CAB   C gets 120, A get 30, B gets 0
CBA   C gets 120, B gets 30, A gets 0



A gets (60+60+60+0+30+0)/6 = 35
B gets  (90+0+90+90+0+30)/6 = 50
C gets (0+90+0+60+120+120)/6 = 65

Total, as required is 150.



 10. Talmudic Method

The approach that follows is based 
on ideas of Maschler and Aumann. It 
reflects an attempt to understand a 
puzzling example that appears in 
the Babylonian Talmud.



Talmud was a set of oral 
commentaries on the Old Testament 
that later became codified and 
written down. Many bankruptcy 
issues are raised in the talmud. 

Similar work appears in the Moslem 
tradition.



Examples from the Babylonian 
talmud:

Where do these numbers come 
from?



The first line: Maimonides gain

The third line: proportionality

The second line: No one could 
understand where it came from! 

Note: There was one method that 
generated all three answers!!



Aumann and Maschler tried to 
resolve the problem but they could 
not. The decided to use some game 
theory software to explore what was 
going on, and to their astonishment 
the nucleolus of a game associated 
with problem gave the answers in 
line 2!



Schmeidler in 1969 had developed 
this idea (nucleolus) but it used 
linear programming ideas - ideas 
not available to the people who 
contributed to the Babylonian 
talmud!



Aumann and Maschler discovered 
that for the special class of games 
that arise from bankruptcy 
problems there was a NEW approach 
to the nucleolus that could be used 
that was very much in the spirit of 
the work of the middle ages!



Key idea: One should try to treat 
gains and losses in a symmetric way, 
and that psychologically, if one gets 
at least 1/2 of one's claim, perhaps 
this makes one "feel better" about 
what happens.



Algorithm:

1. Divide the claims in half.

2. Use Maimonides gain to fulfill if possible using the 
estate, half of the claims.

3. If there is more of the estate to distribute after half 
of the claims are settled, use Maimonides loss to settle 
the other half of the claims.

Often this approach is called the Talmudic Method. It 
applies to examples where there are more than 2 
claimants.



 A           B                             E = 70
30       120

We divide the claims in half:

A  15         B = 60    and the other part: A=15 B = 60

Using Maimonides gain we give:

A = 15 and B = 55 and the algorithm terminates.

Let us consider another example where E = 110



A = 30      B = 120       E = 110

Half claims:

A = 15    B = 60   and  again: A  = 15   B = 60.

Using Maimonides gain we can meet the half-claims of 
A = 15 and B = 60.  Since we distributed 75 of E's 110 
units, we have 35 units left.

So now we have the problem: A = 15   B = 60   E = 35

which we solve by Maimonides loss.

We need to give all 35 to B (A gets 0) to make B's lose 
25 and A's loss = 15.



Final answer:

A gets 15 + 0 = 15

B gets 60 + 35 = 95   (All of E = 110 is distributed.)

Since Maimonides gain and loss can 
be used for more than two claimants 
this method works for more than 
two claimants.



A = 30      B = 120       E = 140

Half the claims are:

A = 15 and B = 60       and     A = 15 and B = 60

Using Maimonides gain we can meet the first collection 
of half-claims. A gets 15 and B gets 60. So having used 
75 units of E out of 140, we have 65 units left.

A = 15    B = 60            E = 65  (use Maimonides loss.)

Start by giving B 45 units so now A and B have equal 
amounts of loss, and we can lower their losses by 10
each!
So A get 15 + 10 = 25; B gets 60 + 45 + 10 = 115.
Note: We have distributed all 140 units. In the each 
player lost 5 units.



There are many other proposed 
solutions to the bankruptcy model, 
recent and dating back to the middle 
ages.



Some of these methods adopt the 
following view:

When a claim EXCEEDS the estate it 
"distorts" the process of distributing 
the estate, so if the starting problem 
is:

A           B                             E = 70
30       120



Replace this problem with:

A           B                             E = 70
30        70

The methods so fair work when 
claims exceed the estate but some in 
the "literature" require that claims 
be no more than the size of the 
estate. (Truncate claims to the size 
of the estate.)



Fairness axioms:

1. If two claimants have equal claims 
they should get the same amount

2. If more money is found to pay off 
the estate (E grows to a bigger E*)
then what a claimant is given should 
not go down. (Monotonicity in estate 
size.)



3. Two problems differ in that one 
claimant Z is asking for more, the 
other claimants and E (estate size) 
are unchanged. 

Z's share where her claim went up 
should not now be SMALLER.

(Monotonicity in claim sizes.)



Another interesting idea:

Suppose there is a bankruptcy 
problem solved by method M, and M 
gives a subset X of claimants D 
dollars. Now look at the new 
problem where one uses the amount 
D to settle the original claims using 
D instead of E. 



M is called consistent if the members 
get the members of X get the same 
amount when M is applied to X 
using D as when it used E as the 
estate size.

The Talmudic method is Consistent. 
When applied to 2 claimants it gives 
the same result as concede and 
divide. 



Other methods are consistent as 
well. 

There are many papers concerned 
with exactly what axioms a method 
to solve a bankruptcy problem must 
hold in order for one to be forced to 
use a particular method.



In bankruptcy problems the players 
(claimants) are acting on their own 
for a shape of the "pie."

In coalitional games, single or 
groups of claimants want:

a. To lower their costs

b. To increase their profits



When will individual players 
cooperate with other players in 
order to do better!



Profit sharing:

Corporations get certain amounts 
separately, but MORE, when they 
merge.



v({ }) = 0 (the set of no players - the 
empty set - can't get anything of 
value!)

v({A}) = 80; v{B}) = 100; v({C}) = 120

v({A,B}) = 150;  v({A,C}) = 180;  
v({B,C}) = 210

v({A,B,C}) = 270



What happens when one shares 
costs rather than shares profits?

Now coalitions like to see their 
numbers decrease with size!



c({ }) = 0 (the set of no players - the 
empty set - can't get anything of 
value!)

c({A}) = 80; c({B}) = 100; c({C}) = 120

c({A,B}) = 150;  c({A,C}) = 180;  
c({B,C}) = 210

c({A,B,C}) = 270 
(less than summing costs to 

individual players)



This approach to representing a game, 
when there are many players, is often 
called the characteristic function form, 
and goes back to Von Neumann. The 
goal here is to try to predict and/or 
offer advice to players of such games 
as to what coalitions it makes sense to 
form. Ideally, in many cases, the grand 
coalition which consists of all of the 
players will arise - everyone 
cooperates.


