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If a number goes from 20,000 to 50,000, is this a small change or a large 
change? Often the context of the numbers involved affects perceptions of 
the size of a change. Is the change one of population of a US state? One's 
salary for the year? One's salary for a week? or the amount of tuition it will 
cost to go to graduate school next year?

Example 1:

a. Mary's annual salary has gone from $50,000 annual to $300,000.  

She got a raise of $250,000 which is 6 times her current salary.

b. The population of City A went from 50,000 to 300,000.

(i) If A has 5,000,000 people and grows 1 percent in a year, this means its 
population grew by how much?

(ii) What percent of 5,000,000 is 250,000?

c.  Jake's annual tax rate went up by 1%. Last year his taxable income was 
$300,000. HIs taxable income this year will be exactly the same. How much 
more tax will he pay this year? 

While one can look at changes in a positive or a negative quantity, I will look 
at examples where the number which is changing with time is positive.



How can one measure change with time?

Example 2:

Suppose Alice's hourly salary is 8 dollars an hour and it goes up by 40 cents 
per hour. Her new salary increased with respect to her old salary but her old 
salary was smaller than her new salary. How much did Alice's salary change? 
Also, to be fair, Alice's company has promised Bob, who earns $800,000 
annually, the same percentage salary increase for the year as Alice. How does 
Bob's pretax salary increase for the year compare with Alice's increase?

So, if I want to model (study mathematically) the phenomenon of change it is 
natural to adopt certain perspectives in thinking through what is going on. 
Perhaps you will feel what follows "exaggerates" the obvious but at its most 
sophisticated, change was not fully understood until the 17th century. It took 
the genius of people like Isaac Newton and Gottfried Liebniz to fully sort out 
what was going on. We will not need all of the tools of the Calculus that they 
developed to accomplish what we want to accomplish in this discussion but 
there are many subtleties involved in what we are talking about, even in some 
of the relatively common examples we will try to understand.

One often hears the aphorism that one can't compare apples and oranges, 
but of course one can! Which might you like better right now, a honey crisp 
apple or a navel orange? But if one has 5 honey crisps and 4 oranges, does 
one have 9 of something? Well, yes, one has 9 pieces of fruit but not 9 apples 
or 9 oranges. Similarly, if one has a quarter and someone gives you a dime, 
one does not have two quarters or two dimes, one has 35 cents. The idea 
here is that to combine two things using the laws of addition one has to be 
talking about "like" things. 

So to understand the change in Mary's wages one has to know how dollars 
and cents compare in size. Our number system for measuring is a base 10 
system and so many currencies now use decimal denominations but those 
who traveled to Great Britain many years ago did not deal with a British pound 
that was divided into 100 parts but a pound that consisted of 20 shillings and 
each shilling was "subdivided" into 20 pence, meaning that a British pound"s 
smallest price increase was 1 in 240 parts of the pound. When a company 
raised its prices with the old pound, a one-pence increase in price was a quite 
small change, but with the new decimalized currency, a change of one pence 
was a much larger change in price.

Let us try thinking about Example 2 and look at Alice's salary change.



First, since her salary was quoted in dollars per hour while her increase was 
quoted in cents per hour, we have to change to a "common" measure. 
Suppose we do this in dollars. So her salary choice of 40 cents is .40 dollars. 
Thus, her old salary was 8 and her new salary was 8.40.

Salary increase from old salary to new salary is 8.40 - 8 = .40. However, we can 
express the change also by saying that her current salary is 8 while her new 
salary is 8.40 per hour so the 8 - 8.40 means her old salary was .40 less than 
her new one. 

Second, in this example we are looking at what is sometimes called an 
absolute change. We compare the old and new or the new and old. It is 
sometimes convenient to use the concept of absolute value here, since old - 
new = - (new - old) but the change |old - new| = |new - old|.

Reminder:

Definition:

|x| = 0, for x = 0, x for x > 0, and -x for x < 0. 

Remember that - (-.40) = .40 

Now let us look at how the change in hourly wages compares with her original 
wage. We are interested in comparing .40 and 8. If we divide .40 by 8, that is, 
compute .4/(.8), we see that .4/8 = 4/80 = 1/20 = 5/100 = .05 which expressed 
as a percentage is 5%. Thus, Alice got a 5 percent increase in her hourly 
wages. How much difference (before taxes) will this make to Mary? Assume 
Alice works a 40 hour week, for 50 weeks in the year (she gets 2 weeks of 
unpaid vacation). Then we see that 40(50) = 2000 is the number of hours she 
works in a year, so her yearly salary is 2000(8) or 16000 dollars. A 5% increase 
over 16,000 is .05(16000) = 800 dollars so her new salary would be $16,800. 
Note that if we compute 8.40(2000) the answer is $18,600 as we would expect. 
So Alice got a 5% hourly increase which meant that for the year she got a 5% 
increase in her yearly salary. Now, don't forget about Bob who will get a 5% 
increase also, on his $800,000 salary. Bob's additional salary will be 
.05(800,000) = $40,000. Thus, we see that though Alice and Bob got the same 
percentage increase in their salaries, this meant an increase of $800 for Alice 
and $40,000 for Bob!

One has to be vigilant in seeing discussions of change to be sure one 
understands whether what is being discussed is absolute change or relative 
change. When the population of the state of California goes up by a million it 



is not a big percentage change in terms of the reality that its current 
population is nearly 40 million people. But 1,000,000 people is approximately 
the total population of the state of Montana, which is not the smallest state 
in the US, but ranks 44th in population. The smallest state in the US in 
population is Wyoming. We will have a new window on the population of the 50 
states after the 2020 Census (required by the Constitution and US law) is 
carried out.

It is a common deceptive practice in many aspects of "political" and 
"economic" life to use numbers to create a picture which may be misleading. 
Sometimes this is done by using an absolute measure when a relative 
measure would make more sense, and in other cases, a relative measure will 
be used when an absolute one would be better.
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