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1.  Given the election below:
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 Votes:  21    14               13               12                 7                4      

i. Compute the pairwise vote matrix for the election above.

ii. Decide the winner (if there is one) of the election using:

a. Plurality

b. Run-off



c. Sequential Run-off (IRV)

d. Borda Count

e. Condorcet (draw a digraph to show the results of the 2-way races)

f. Sequential run-off based on the Borda Count (Baldwin)

g. Coombs (Run-off based on last-place votes)

h. Bucklin

(Should a tie occur, explain how the tie might be broken.)

iii. Be prepared to give a brief account of Arrow's Theorem and the Gibbard-
Saitterthwaite Theorems and why they are important theoretical results.

iv. Does it ever benefit a voter to "lie" about his/her preferences?

2. i. Use Adams, Jefferson, and Webster to apportion a legislature of 15 seats. 
Each of three regions is entitled to a minimum of at least one seat. The 
populations of these regions is shown below. The apportionment should be 
done "twice:"

a. Using a divisor and rounding (state what divisor you used so that when you 
rounded as the method requires that 15 seats were distributed). (If a tie 
occurs when 15 seats are given out, say so.)

b. Using the table method check if you get the same answer as you did for 
above for Adams, Jefferson, and Webster. For each of these methods 
indicate the order in which the seats are given out via the table method; when 
there is a tie, indicate this by having the states share these seats. Thus, here 
for example, seats 1-3 will be shared.
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ii. Use Hamilton's method to apportion 15 seats using the data above.

iii. What is required of an apportionment method which obeys "house 



monotonicity?"

iv. What is required of an apportionment method which obeys "population 
monotonicity?"

v. What is required of an apportionment method which obeys "quota?"

vi. What does the Balinksi-Young Theorem state?

vii. What is the method currently used for distributing the seats in the House 
of Representatives? Give a brief description of this method.

viii. Briefly discuss the significance of the "Alabama Paradox."

3. Consider the zero-sum games, with payoffs shown from Row's point of 
view below:

a.

Row/Column

-2 0 5

8-13

2

1
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b.

Row/Column

-4 7 8

-2-31

2

1

IIIIII

i. What is the best-worst strategy for Row and Column in each game?

ii. Does either game have dominating strategies?

iii. Does either game have a saddle point?

iv. Find the optimal way to play these games for each player. (This means 
considering issues of dominating strategies or finding a saddle point to find a 
value for the game, and/or find a small matrix for which one can design 
optimal spinners.) As part of your solution what is the payoff to each player.



4. Find optimal spinners and the value of the game for the following zero-sum 
game:
Payoffs below are from Row's point of view.

1-2

-49

Row 2

Row 1

Column IIColumn I

5.  (a) Find  any pure and/or mixed Nash equilibrium (equilibria) for the non-
zero-sum game below:

(-1, -1)(6, -9)

(-9, 6)(7,7)

Row 2

Row 1

Column IIColumn I

Draw a motion diagram for the game. For each outcome cell of the game, are 
there any Pareto improvements over this outcome? 

(b) Find  any pure and/or mixed Nash equilibrium (equilibria) for the non-zero-
sum game below:

(6, 6)(2, 7)

(7, 2)(0,0)

Row 2

Row 1

Column IIColumn I

Draw a motion diagram for this game. For each outcome cell of the game, are 
there any Pareto improvements over this outcome? 

c. What makes Chicken and Prisoner's Dilemma "special" as games?

6. For the bankruptcy situations below, find what amount from E is given to 
each player using:

a. Equality of gain

b. Equality of loss (with possible subsidization)

c. Maimonides gain

d. Maimonides loss



e. Shapley value

f. Proportionality

g. Concede and divide (Contested garment rule)  (Only use this when there are 
two claimants)

i.  E = 240;  A claims 100;  B claims 200

ii. E = 240;  A claims 180; B claims 220

iii. E = 240;  A claims 40;  B claims 300

iv. E  = 240; A claims 60;  B claims 140; C claims 200

h. Apply the Talmudic rule to:  

E  = 240; A claims 60;  B claims 140; C claims 200

Give several real world examples where bankruptcy problems might/do arise.

7. Given the weighted voting game:  [13; 10, 7, 6, 4]

i.

a. List the minimal winning coalitions
b. Determine the Shapley power of each of the players.
c. Determine the Banzhaf power of each of the players.
d. Determine the Coleman power of each of the players.
e. Does this game have any veto players? (A player who is a member of every 
minimal winning coalition.)
f. List all of the winning coalitions for this game.
g. Suppose that secretly the players with weights 6 and 4 agree to always vote 
together. What are the power relations now as indicated by the Shapley and 
Banzhaf power indices?  (Hint: What is the 3 player game that is now really 
being played?)

ii. Repeat the above using 14 instead of 13 as the number of votes required 
for a coalition to take action.

iii. Give examples where in a legislative voting situation more than a simple 
majority might be required for an action to be taken.



NOTE: Problems involving the Gale/Shapely algorithm will NOT in fact be on 
the final in light of the fact that we lost a class as a consequence of the 
pandemic. Hopefully, when you have the time you should master how do to 
these types of questions. This is a very appealing topic even if not taught 
very often in K-16.

8. Find the male optimal and female optimal stable matchings (they may be 
the same) for the preferences shown below.  For the stable matchings you 
find, give the "rank" of the "mate" each man and woman gets. For example if 
man 4 is paired with woman 2 she may be his 4th highest choice and he may 
be her 1st choice. For i and ii. if man i is matched with woman i is the 
matching stable? If not find a "blocking" pair.

i. (Note: matrix entries are ranks not people names, column labels are not 
shown and are people names, lower number to higher number.)

Men: (Example: m2 likes w3, 2nd best; m4 likes w4 best.)
              

234 15

52134

43251

45231

m5

m4

m3

m2

45132m1

Women: (Example: w3 likes m1 3rd best; w5 ranks man 5 (m5) first.) 

143 25

52143

142 3 5

54231

w5

w4

w3

w2

45132w1

ii.

Men: (Example: m1 likes w4 last; m3 likes w4 second best.)



254 31

54132

53241

43152

m5

m4

m3

m2

45132m1

Women: (Example: w2 likes m1 best; w4 likes m1 third best.)

145 23

52143

342 1 5

54231

w5

w4

w3

w2

15432w1

------------------------------------------------------------------------------------------------------------

For each of the kinds of problems above you might consider what grade level 
of K-12 mathematics might be an appropriate grade for this topic to be 
treated.

Enjoy preparing for the final!


